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Abstract
The definitions of positivity and positive definiteness are extended to generalized function algebras in
coherence with the corresponding notions for distributions. Versions of Bochner’s theorem for a positive
definite Colombeau generalized function are given.
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1. Introduction
Schwartz distributions are well adapted to linear problems while for nonlinear problems
various generalized function algebras have been introduced and analyzed, cf. Colombeau [3],
Egorov [6], Ivanov [10], Maslov (see [5]), Rosinger [14]; see also [12]. At present, Colombeau
type algebras are well developed and have been adapted to various linear and nonlinear problems,
see [2,11], the recent book [8] and the references therein.
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1322 M. Oberguggenberger et al. / J. Math. Anal. Appl. 328 (2007) 1321–1335In this paper we analyze definitions and notions related to positive and positive definite gen-
eralized functions. We develop the foundations of these notions and, by means of examples,
demonstrate the complexity of problems related to them in generalized function algebras.
The motivation for these investigations mainly comes from generalized stochastic processes
which lead to singular stochastic differential equations, see Holden et al. [9], Albeverio et al.
[1] and Oberguggenberger and Russo [13], where stochastic hyperbolic equations are stud-
ied in the framework of generalized function algebras. A class of nonlinear wave equations
which are perturbed by a space time white noise is studied by the quoted authors in the frame-
work of Colombeau-type algebras and solutions are constructed as Colombeau-type generalized
stochastic processes. Thus, the notions of positivity and positive definitness and the Bochner–
Schwartz-type results in the framework of such algebras becomes important. Note that the notion
of positivity in generalized function algebras were given, in a special case, in [8]. Moreover, in
the framework of generalized function algebras one can study generalized holomorphic func-
tions, generalized harmonic and subharmonic functions as well as partial differential operators
related to these classes of generalized functions. Actually, from the beginning, the mean value
theorem and Liouville’s theorems for harmonic generalized functions are based on the notion of
positivity.
Investigations related to holomorphic generalized functions and harmonic generalized func-
tions are the subject of forthcoming papers of the authors and collaborators.
The theory of positive and positive definite distributions has been fully developed in the mono-
graphs [7, Chapter II] and [15, Chapters 7, 9]. The Colombeau generalized function algebra
contains the Schwartz distribution space as a subspace. We show that a distribution f is positive,
respectively positive definite, if and only if the corresponding Colombeau generalized function
i(f ) is weakly positive, respectively weakly positive definite. The latter notions are introduced
in this paper. Further, extensions of both notions are also considered in the algebra of tempered
generalized functions.
We also give extensions of Bochner-type theorems for positive generalized functions. In
this context, Bochner–Schwartz-type theorems involve questions which are not yet completely
answered. Finally, we introduce the notion of tempered semi-positivity and semi-positive defi-
niteness as well as weak forms of these notions, and we relate them to positivity and positive
definiteness of tempered distributions.
2. Notions
We refer to [2,3,8,12] for the general theory of Colombeau generalized functions. Here we
employ a simplified version of the theory. Let E be a vector space endowed with an increasing
sequence of seminorms (μn)n. The space of moderate nets EM(E), respectively, of null nets
N (E), is constituted by the nets (Rε)ε∈(0,1) ∈ E(0,1) with the properties
(∀n ∈ N) (∃a ∈ R) (μn(Rε) =O(εa)),
respectively,
(∀n ∈ N) (∀b ∈ R) (μn(Rε) =O(εb)),
where O is the Landau symbol. The quotient space G(E) = EM(E)/N (E) with elements
[(fε)ε], [(gε)ε], . . . , is called the Colombeau extension of E. Let (rε)ε, (sε)ε ∈ EM(E). Putting
vn(rε) = sup
{
a; μn(rε) =O
(
εa
)}
, en
(
(rε)ε, (sε)ε
)= exp(−vn(rε − sε)),
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called sharp topology) on G(E).
Let Ω be an open set in Rn and let E = C∞(Ω) be endowed with the usual sequence of
seminorms μn(φ) = sup{|φ(α)(x)|; x ∈ Ωn, |α|  n}, where (Ωn)n is an increasing sequence
of relatively compact open sets that exhausts Ω. Thus E is the Schwartz space E(Ω). The above
definition leads to the algebra EM(Ω), the ideal N (Ω) of null elements and to the so-called
special Colombeau algebra G(Ω) = EM(Ω)/N (Ω). We shall refer to the elements of G(Ω) as
generalized functions. Tempered generalized functions will be introduced later.
If E = C (or E = R) and the seminorms are equal to the absolute value, then the correspond-
ing algebra and the ideal of null elements are E0, N0. As a quotient, one obtains the Colombeau
algebra of generalized complex numbers C¯ = E0/N0 (or R¯).
The embedding of compactly supported Schwartz distributions (elements of E ′(Ω)) is made
through the convolution with a net of mollifiers φε = ε−nφ(·/ε) constructed from a rapidly de-
creasing function φ ∈ S(Rn) with the properties ∫ φ(t) dt = 1, ∫ tmφ(t) dt = 0 for all m ∈ Nn0,|m| > 0. The embedding is given by
i :f → [(f ∗ φε|Ω)ε].
By the sheaf properties of D′(Ω) and G(Ω), this embedding can be extended to D′(Ω).
If T ∈D′(Ω), then the corresponding element in G(Ω) is denoted by i(T ).
The set of generalized n-points is defined as R¯n = EM(n)/N0(n), where EM(n) and N0(n)
are defined in a similar way as E0, N0 in the case n = 1. (Points of Rn are represented just by
constant nets.) It is clear that R¯n is an R¯-module.
Let Ω be open in Rn. The set of compactly supported generalized points Ω˜c is defined as the
set of elements x˜ ∈ R¯n such that there exists a compact set K in Ω (K Ω) and a representative
(xε)ε of x˜ with the property xε ∈ K , ε ∈ (0, ε0). (Then any representative of x˜ has this property.)
In that case we say that x˜ is supported by K .
3. Positive and positive definite Colombeau generalized functions
Recall that an element in D′(Ω) is positive if 〈f,φ〉  0 for every φ ∈ D(Ω), φ  0; f ∈
D′(Rn) is positive definite if
〈f, θ ∗ θ∗〉 0, where θ∗(x) = θ(−x), θ ∈D(Rn).
We say that an element z ∈ C¯ is positive, z  0, if it has a representative (zε)ε such that for
every a > 0 there exists ε0 < 1 such that
zε + εa  0; ε ∈ (0, ε0). (3.1)
Remark 3.1. If some representative of z satisfies (3.1) then it holds for every real representative
of z. If a representative of z 0 is of the form (aε)ε +
√−1(bε)ε, where (aε)ε and (bε)ε are real
nets, then (aε)ε satisfies (3.1) and [(bε)ε] = 0.
It is immediate to see that z 0 if and only if there is a positive representative (zε)ε: zε  0,
ε ∈ (0,1); this is the definition of positivity in [8, Proposition 1.2.36].
We introduce a partial ordering in C¯ by z s if z − s  0. In the context of R¯-valued gener-
alized functions, we will also consider this partial ordering on R¯, when needed. Now we define
positive Colombeau generalized functions.
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exists a representative (fε)ε of f such that for every a > 0 and K Ω there exists ε0 ∈ (0,1)
such that
inf
x∈K fε(x) + ε
a  0, ε < ε0. (3.2)
Remark 3.3. Again, if (3.2) holds for a representative of f , it holds for every real representative
of f. Also, one can show that for f  0 every complex representative has the real part satisfying
(3.2) and the imaginary part in N (Ω).
Again, it is not difficult to see that f  0 if and only if there is a representative (fε)ε such that
fε(x) 0, x ∈ Ω, ε ∈ (0,1).
The next assertion can be proved along the lines of [8, Theorem 1.2.46]. Here we give a
simplified proof.
Proposition 3.4. An f = [(fε)ε] ∈ G(Ω) is positive if and only if for every x˜ = [(xε)ε] ∈ Ω˜c the
generalized number [(fε(xε))ε] is positive.
Proof. ⇐. Let K be an arbitrary compact set in Ω. Fix ε and denote by ξε a point in K such
that
fε(ξε) = inf
t∈K fε(t).
By hypothesis, the generalized complex number [(fε(ξε))ε] ∈ Ω˜c is positive. This implies (3.2),
thus f is positive.
⇒. If x˜ = [(xε)ε] is an arbitrary point of Ω˜c supported by K , then
fε(xε) inf
t∈K fε(t),
so the positivity of f implies the positivity of the point value f (x˜). 
Positive definiteness is a more difficult notion since it can only be defined by choosing specific
representatives of the generalized function under consideration.
Definition 3.5. It is said that f ∈ G(Rn) is positive definite on Rn if it has a representative (fε)ε
such that(∀K Rn) (∀a > 0) (∃ε0 ∈ (0,1)) (∀ζ1, . . . , ζm ∈ C)
inf
xk,xj∈K
m∑
k,j=1
(
fε(xk − xj ) + εa
)
ζkζ¯j  0, ε  ε0. (3.3)
Proposition 3.6. The following conditions are equivalent for f ∈ G(Rn):
(a) f is positive definite.
(b) There is a representative (fε)ε such that
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inf
xk,xj∈K
m∑
k,j=1
fε(xk − xj )ζkζ¯j  0, ε  ε0. (3.4)
(c) There is a representative (fε)ε such that(∀K Rn) (∀a > 0) (∃ε0 ∈ (0,1)) (∀ζ1, . . . , ζm ∈ C)
inf
xk,xj∈K
m∑
k,j=1
fε(xk − xj )ζkζ¯j + εa  0, ε  ε0.
Remark 3.7. Condition (b) means that for some representative (fε)ε and every compact set K
there exists ε0 ∈ (0,1) such that fε is a positive definite function on K for every fixed ε < ε0.
Here we use the definition that a continuous function g is positive definite on K if for every
ζ1, . . . , ζm ∈ C, infxk,xj∈K
∑m
k,j=1 g(xk − xj )ζkζ¯j  0.
Proof. Assertions (b) ⇒ (c), (b) ⇒ (a) are trivial.
(a) ⇒ (b). Let (Kn)n be an increasing sequence of compact sets which exhausts Rn. For
K = Kn and a = n, denote by εn the corresponding ε0 in (3.3). We may choose εn decreasing to
zero. Then f˜ε = fε + εn, ε ∈ [εn+1, εn), n ∈ N, satisfies (3.4).
(c) ⇒ (b). Assuming (c), let us prove that the same representative, for given K and ε < ε0,
satisfies (3.4). Let ζ1, . . . , ζm ∈ C be given and let M be an arbitrary positive number. Put η1 =
Mζ1, . . . , ηm = Mζm. Then we have
inf
xk,xj∈Kn
m∑
k,j=1
fε(xk − xj )ηkη¯j + εa  0, ε  ε0.
But
inf
xk,xj∈K
m∑
k,j=1
fε(xk − xj )ηkη¯j + εa = M2
(
inf
xk,xj∈Kn
m∑
k,j=1
fε(xk − xj )ζkζ¯j + ε
a
M2
)
.
Thus, for arbitrary M > 1
inf
xk,xj∈Kn
m∑
k,j=1
fε(xk − xj )ζkζ¯j + ε
a
M2
 0, ε < ε0.
Letting M → ∞, we obtain the assertion. 
Next is the characterization of positive definiteness through generalized points.
Proposition 3.8. Let f ∈ G(Rn). The following statements are equivalent:
(a) f is positive definite.
(b) There exists a representative (fε)ε of f such that(∀x˜1 = [(x1,ε)ε], . . . , x˜m = [(xm,ε)ε] ∈ R˜nc ) (∃ε0 ∈ (0,1)) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
fε(xk,ε − xj,ε)ζkζ¯j  0, ε < ε0.
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m∑
k,j=1
fε(xk,ε − xj,ε)ζkζ¯j + εa  0, ε < ε0. (3.5)
Proof. The equivalence of (a) and (b) is an easy consequence of the proof of Proposition 3.6.
(a) ⇒ (c). Taking points x˜1, . . . , x˜m ∈ Rnc , we determine a compact set K which supports all
these points. Now by Proposition 3.6(c), the assertion follows.
Since (c) implies statement (c) of Proposition 3.6, and this in turn implies the positive defi-
niteness of f , we have (a). 
Proposition 3.9. Let g = [(gε)ε] ∈ G(Ω) (respectively, g ∈ G(Rn)).
The following conditions are equivalent:
(i) (∀a > 0) (∀ρ ∈D(Ω), ρ  0) (∃ε0 ∈ (0,1))〈
gε(x), ρ(x)
〉+ εa  0, ε < ε0(
respectively (∀a > 0) (∀θ ∈D(Rn)) (∃ε0 ∈ (0,1))〈
gε(x), θ ∗ θ∗(x)
〉+ εa  0, ε < ε0).
(ii) (∀a > 0) (∀ρ ∈D(Ω), ρ  0) (∃ε0 ∈ (0,1))〈
gε(x) + εa, ρ(x)
〉
 0, ε < ε0(
respectively (∀a > 0) (∀θ ∈D(Rn)) (∃ε0 ∈ (0,1))〈
gε(x) + εa, θ ∗ θ∗(x)
〉
 0, ε < ε0
)
.
Proof. We will prove only the parts concerning the positivity. The proofs for positive definiteness
is the same but it involves a remark which will be given after this proof.
(i) ⇒ (ii). If we put
ρ˜ = ρ∫
ρ(t) dt
, ρ ∈D(Ω), ρ  0,
in (i), then we obtain (ii). Let us show (ii) ⇒ (i). If (i) does not hold, we will have
(∃a0 > 0)
(∃ρ0 ∈D(Ω),ρ0  0) (∀ε˜0 ∈ (0,1)) (∃ε0,n < ε˜0)〈
gε0,n (x), ρ0(x)
〉+ εa00,n < 0. (3.6)
Let a = a0 + 1; from (ii) we have that for every ρ ∈D(Ω), ρ  0, there exists ε¯0 so that
〈
gε(x), ρ(x)
〉+ εa0+1 ∫ ρ(t) dt  0, ε < ε¯0. (3.7)
Put ρ = ρ0 in (3.7). Since ε
∫
ρ0(t) dt < 1 for ε  ερ0 , we obtain〈
gε(x), ρ0(x)
〉+ εa0  0, ε < min{ερ0 , ε¯0}.
This is in contradiction with (3.6). 
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(∀a > 0) (∀θ ∈D(Rn)) (∃ε0 ∈ (0,1))〈
gε(x) + εa, θ ∗ θ∗(x)
〉
 0, ε < ε0, (3.8)
then for any other representative f˜ε = fε + nε , ε ∈ (0,1), (3.8) holds but with another ε0, for
given a and θ.
The equivalent conditions of the previous proposition (with Remark 3.10) are obviously equiv-
alent to the condition of the next definition.
Definition 3.11. It is said that f ∈ G(Ω) is D′(Ω)-weakly positive (respectively D′(Rn)-weakly
positive definite) if for every ρ ∈D(Ω), ρ  0,
zρ =
[( ∫
Rn
fε(t)ρ(t) dt
)
ε
]
 0
(respectively, for every θ ∈D(Rn),
zθ =
[( ∫
Rn
fε(t)θ ∗ θ∗(t) dt
)
ε
]
 0).
Example 3.12. Positivity is a stronger property than D′(R)-weak positivity. In fact, the gener-
alized function [( 1
ε
φ(·/ε))ε], where (φε)ε is the net of mollifiers of Section 2, is D′(R)-weakly
positive but not positive.
Proposition 3.13. Let f = [(fε)ε] ∈ G(Ω) (respectively, f ∈ G(Rn)). The following conditions
are equivalent:
(i) (∀a > 0) (∀K Ω) (∃ε0 ∈ (0,1)) (∀ρ ∈DK, ρ  0)〈
fε(x) + εa, ρ(x)
〉
 0, ε < ε0(
respectively (∀a > 0) (∀K Rn) (∃ε0 ∈ (0,1)) (∀θ ∈DK)〈
fε(x) + εa, θ ∗ θ∗(x)
〉
 0, ε < ε0
)
. (3.9)
(ii) For every a > 0 and every K Ω there exist ε0 ∈ (0,1) and a neighborhood W of zero in
DK such that
inf
ρ∈W, ρ0
∫
Rn
(
fε(t) + εa
)
ρ(t) dt  0, ε < ε0
(respectively for every a > 0 and K  Rn there exist ε0 ∈ (0,1) and a neighborhood W of
zero in DK such that
inf
θ∈W
∫
Rn
(
fε(t) + εa
)
θ ∗ θ∗(t) dt  0, ε < ε0).
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inf
x∈K fε(x) + ε
a  0, ε < ε0
(respectively, condition (3.3) holds).
Proof. The equivalence of (i) and (ii) for positivity is trivial (since neighborhoods are absorbing
sets). The equivalence of (i) and (iii) is a consequence of the fact that for continuous functions
being a positive distribution and being a positive function are equivalent notions.
The same holds in the case of positive definiteness (having in mind that we restrict this notion
to compact sets). 
Remark 3.14. Thus positivity is equivalent to condition (3.9). By Remark 3.3, this condition
holds for all representatives, iff it holds for one. By Example 3.12, this condition is stronger than
the ones spelled out in Proposition 3.9.
Remark 3.15. If g = [(gε)ε] ∈ G(Ω) such that g  0 and g  0, then g = 0. Also, if g =
[(gε)ε] ∈ G(Ω) such that g  0 and g  0, in the D′-weak sense then for every ρ ∈ D(Ω),
ρ  0,
〈gε,ρ〉 ∈N0.
If ρ ∈D(Ω) is arbitrary, one can always find χ ∈D(Ω), χ  0, such that ρ + χ  0. Then
〈gε,ρ〉 = 〈gε,ρ + χ〉 − 〈gε,χ〉 ∈N0
as well, thus g is equal to zero in the sense of generalized distributions (according to the notion
introduced by Colombeau in [4, Definition 2.5.1]).
Proposition 3.16. Let f ∈ D′(Ω). Then i(f ) is D′(Ω)-weakly positive if and only if f is a
positive distribution.
Proof. Using a partition of unity, we can (and we will) suppose in this theorem that f ∈ E ′(Ω).
Let f be positive. Then for every ρ ∈D(Ω), ρ  0,
〈f ∗ φε,ρ〉 = 〈f,ρ ∗ φ˘ε〉 =
〈
f (x),
∫
ρ(x − εt)φ(−t) dt
〉
=
〈
f (x),
∫ (
ρ(x) + (−εt)ρ′(x) + · · · + (−εt)qρ(q)(x − ξ(t)))φ(−t) dt〉

〈
f (x), ρ(x)
〉− C(f,φ)εq
and this holds for every q . This implies that f ∗ φε , ε < 1, satisfies the conditions of Defini-
tion 3.11, i.e., i(f ) is weakly positive.
If i(f ) = [(f ∗φε |Ω)ε] satisfies the conditions of Definition 3.11, by letting ε → 0, it follows
that
〈f,ρ〉 0 for every ρ  0, ρ ∈D(Ω),
i.e., f is positive. 
In the same way, we have:
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D′-weakly positive definite.
4. Positive and positive definite Colombeau tempered generalized functions
Recall the definition of tempered generalized functions [3,4] Gτ (Rn) = EMτ (Rn)/Nτ (Rn),
where the algebra EMτ (Rn) consists of nets of smooth functions with the property(∀α ∈ Nn0) (∃k ∈ N0) (∃a > 0)(
sup
{(
1 + |x|2)−k/2∣∣R(α)ε (x)∣∣; x ∈ Rn}=O(εa))
and the ideal Nτ (Rn) consists of nets of smooth functions (Rε)ε with the property(∀α ∈ Nn0) (∃k ∈ N0) (∀a > 0)(
sup
{(
1 + |x|2)−k/2∣∣R(α)ε (x)∣∣; x ∈ Rn}=O(εa)). (4.10)
Note that Gτ (Rn) is not a subalgebra of G(Rn) since there exists (Rε(x))ε ∈ EMτ (Rn) with the
property(
Rε(x)
)
ε
∈ (EMτ (Rn) ∖Nτ (Rn))∩N (Rn),
but every element of EMτ (Rn) defines an element of G(Rn), which enables the definition of a
canonical mapping μ :Gτ (Rn) → G(Rn):
Gτ  G = [Gε] → μ(G) =
[
Gε +N
(
R
n
)] ∈ G(Rn).
It is proved in [8, Theorem 1.2.25] that a net (Rε)ε ∈ EMτ (Rn) is in Nτ (Rn) if (4.10) holds only
for α = 0. Let [Gε] ∈ Gτ (Rn) and x˜ = [x˜ε] ∈ R¯n. Then, as in the case n = 1 one can easily prove
that [G(x˜)] is a generalized complex number not depending on the representatives of x˜ and G.
Definition 4.1. G ∈ Gτ (Rn) is called tempered positive if there exists a representative (Gε)ε such
that
(∃k ∈ N) (∀a ∈ R) (∃ε0 ∈ (0,1))
Gε(x) + εa
(
1 + |x|)k  0, x ∈ R, ε < ε0. (4.11)
G ∈ Gτ (Rn) is called tempered weakly positive if〈[
(Gε)ε
]
, ρ
〉
 0, ρ ∈ S(Rn), ρ  0.
One can prove that every representative of G satisfies (4.11), if one does. Moreover, there
exists a representative (Gε)ε of G such that Gε(x)  0, x ∈ Rn, ε < 1. Concerning tempered
weak positivity, it is clear that the given definition does not depend on representatives.
Proposition 4.2. [Gε] ∈ Gτ (Rn) is tempered positive if and only if G(x˜) 0 for every general-
ized point x˜ ∈ R¯n.
Proof. We have only to prove that condition G(x˜)  0 is sufficient for the tempered positivity
of G. We will prove this by contradiction. Assuming that G is not positive, we have
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Gεn(xn) + εan
(
1 + |xn|
)l
< 0. (4.12)
This will imply that not every point value of G is positive if we prove that the net defined by
xεn = xn,n ∈ N, xε = 0, if xε = xn, n ∈ N is in E0. First, note
(∃m > 0) (∃k ∈ N) (∃ε0 ∈ (0,1))∣∣Gε(x)∣∣ ε−m(1 + |x|)k, x ∈ Rn, ε < ε0.
This and (4.12) imply
−ε−mn
(
1 + |xn|
)k + εan(1 + |xn|)l  0, n ∈ N,
and taking l = k + 1, we have |xn| ε−m−an , n ∈ N. This completes the proof. 
Now we consider tempered positive definiteness.
Definition 4.3. G ∈ Gτ (Rn) is called tempered positive definite if there exists a representative
(Gε)ε such that
(∀a > 0) (∃ε0 ∈ (0,1)) (∀x1, . . . , xm ∈ Rn) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
(
Gε(xk − xj ) + εa
)
ζkζ¯j  0, ε < ε0.
G ∈ Gτ (Rn) is called tempered weakly positive definite if〈[
(Gε)ε
]
, θ ∗ θ∗〉 0, θ ∈ S(Rn).
Similarly to Remark 3.10, the definition of tempered weak positive definiteness does not de-
pend on representatives.
The next proposition can be proved by similar arguments as in Proposition 3.6. The proof is
omitted.
Proposition 4.4. The following conditions are equivalent for G ∈ Gτ (Rn):
(a) G is tempered positive definite.
(b) There is a representative (Gε)ε such that(∀x1, . . . , xm ∈ Rn) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
Gε(xk − xj )ζkζ¯j  0, ε ∈ (0,1).
(c) There exists a representative (Gε)ε such that
(∀a > 0) (∃ε0 ∈ (0,1)) (∀x1, . . . , xm ∈ Rn) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
Gε(xk − xj )ζkζ¯j + εa  0, ε < ε0.
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Next is the characterization of positive definiteness through generalized points.
Proposition 4.5. Let G ∈ Gτ (Rn). The following statements are equivalent:
(a) G is tempered positive definite.
(b) There exists a representative (Gε)ε of G such that(∃ε0 ∈ (0,1)) (∀x˜1 = [(x1,ε)ε], . . . , x˜m = [(xm,ε)ε] ∈ R˜n) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
Gε(xk,ε − xj,ε)ζkζ¯j  0, ε < ε0.
(c) G has a representative (Gε)ε with the property
(∀a > 0) (∃ε0 ∈ (0,1)) (∀x˜1 = [(x1,ε)ε], . . . , x˜m = [(xm,ε)ε] ∈ R˜n) (∀ζ1, . . . , ζm ∈ C)
m∑
k,j=1
Gε(xk,ε − xj,ε)ζkζ¯j + εa  0, ε < ε0. (4.13)
Proof. We will only prove that Proposition 4.4(c) implies (c), since the opposite implication
is simple. So assume the assertion of Proposition 4.4(c) and take x˜1 = [(x1,ε)ε], . . . , x˜m =
[(xm,ε)ε] ∈ R˜n, ζ1, . . . , ζm ∈ C. We will show that (4.13) holds for ε < ε0. Fix η < ε0 and take
points x1 = x1,η, . . . , xm = xm,η. We know
m∑
k,j=1
Gε(xk,η − xj,η)ζkζ¯j + εa  0, ε < ε0,
and thus
m∑
k,j=1
Gη(xk,η − xj,η)ζkζ¯j + ηa  0.
Since it holds for every η < ε0, we obtain (4.13).
The equivalence of (b) and Proposition 4.4(b) can be established in the same way. 
With the same explanation as in the proof of Proposition 3.13, we have:
Proposition 4.6. Let G ∈ Gτ (Rn). The following conditions are equivalent:
(i) There exists a representative (Gε)ε of G such that
(∀a > 0) (∃ε0 ∈ (0,1)) (∀ρ ∈ S(Rn), ρ  0)〈
Gε(x) + εa, ρ(x)
〉
 0, ε < ε0(
respectively (∀a > 0) (∃ε0 ∈ (0,1)) (∀θ ∈ S(Rn))〈
Gε(x) + εa, θ ∗ θ∗(x)
〉
 0, ε < ε0
)
.
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neighborhood W of zero in S(Rn) such that
inf
ρ∈W, ρ0
∫
Rn
(
Gε(t) + εa
)
ρ(t) dt  0, ε < ε0
(respectively for every a > 0 there exist ε0 ∈ (0,1) and a neighborhoodW of zero in S(Rn)
such that
inf
θ∈W
∫
Rn
(
Gε(t) + εa
)
θ ∗ θ∗(t) dt  0, ε < ε0).
(iii) G is tempered positive (respectively, G is tempered positive definite).
Definition 4.7. G ∈ Gτ (Rn) is called positive or D′-weakly positive (respectively, positive def-
inite or D′-weakly positive definite) if μ(G) is positive or D′-weakly positive (respectively,
positive definite or D′-weakly positive definite).
Clearly, if F is tempered weakly positive, it is D′-weakly positive (respectively, if F is
tempered weakly positive definite, it is D′-weakly positive definite). However, the notions of
Definition 4.7 are weaker than those of Definitions 4.1 and 4.3. The next example illustrates this.
Example 4.8. Let (Gε)ε ∈ EMτ (R) have the property:
(1) The functions Gε are even and nonincreasing on [0,∞), ε ∈ (0,1);
(2) Gε(x) = ε6, 0 x √| log ε|/2;
(3) Gε(x) = −x, x √| log ε|.
Then G is not tempered positive but it is positive and D′-weakly positive. Let us show that
it is not tempered weakly positive. In fact taking ρ(x) = e−x2 , x ∈ R, one sees that there exists
ε0 ∈ (0,1) such that∫
R
Gε(x)e
−x2 dx  ε6
∫
R
e−x2 dx − 2
∞∫
√| log ε|
xe−x2 dx −ε2, ε < ε0.
5. Bochner-type theorems
Denote by F and F−1 the Fourier transformation in the sense of tempered distributions and
its inverse transformation.
We start with a version of a Bochner-type theorem:
Theorem 5.1. Let G = [(Gε)ε] ∈ Gτ (Rn) be tempered positive definite. Then F = [(F−1(Gε) ∗
φε)ε] is tempered positive, where the mollifier (φε)ε is as in Section 2.
Proof. By assumption, there exists a representative (Gε)ε and ε0 such that for every θ ∈ S(Rn)
〈Gε, θ ∗ θ∗〉 0, ε  ε0, (5.14)
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butions and for every fixed ε  ε0, Gε(x) is a positive definite tempered distribution. It follows
that {εrGε(x); ε ∈ (0,1)} is a bounded family of positive tempered distributions.
Let νε = F−1(Gε), ε < 1. Since F−1 is a continuous mapping, it follows that {εrνε; ε < 1}
is bounded in S ′(Rn), and therefore (νε ∗ φε)ε is an element of EMτ (Rn). By (5.14) and the
Bochner–Schwartz theorem for tempered distributions (cf. [7]), for every ψ ∈ S(Rn), ψ  0,〈
νε(x),ψ(x)
〉
 0, ε  ε0.
We will prove that for every a > 0 there exist ε0 ∈ (0,1) and a neighborhoodW of zero in S(Rn)
such that〈
νε(x) ∗ φε,ψ(x)
〉+ εa  0
for all ψ ∈W , ψ  0. By Proposition 4.6 it will follow that [Fε] = νε ∗φε represents a tempered
positive generalized function. Since〈
νε(x) ∗ φε,ψ(x)
〉= 〈νε(x),ψ(x)〉+ 〈νε(x),ψ ∗ φˇε − ψ(x)〉,
it suffices to invoke the assertion of the following lemma.
Lemma 5.2. For every a > 0 there exists εa ∈ (0,1) and a neighborhood W of zero in S(Rn),
such that
|ψ − ψ ∗ φˇε| < Caεa, ψ ∈W, ε < εa.
Indeed, neighborhoods are of the form{
ψ ∈ S(Rn); sup
x∈Rn, |α|k
{∣∣ψ(α)(x)∣∣(1 + |x|2)k/2}< C};
the net of mollifiers (φε)ε has the property that all moments of order  1 are equal to zero and
this implies the proof of the lemma. 
Example 5.3. There is a G = [(Gε)ε] ∈ Gτ (R) which is D′-weakly positive definite, not tem-
pered weakly positive definite and F = [(F−1(Gε) ∗ φε)ε] is not tempered weakly positive.
Take ρ ∈D(R), ρ > 0, suppρ ⊂ [π,2π], ρ(ξ) = − sin ξ , ξ ∈ [5π/4,7π/4]. Put
Gε(ξ) = ξρ(ξ − 2πhε), ξ ∈ R, ε < ε0,
where hε denotes the largest integer not exceeding
√
ln | ln ε|. Then (Gε)ε ∈ EMτ (R). As suppGε
moves to infinity as ε → 0, for every θ ∈ D(R) there exists ε0 such that 〈Gε(x), θ ∗ θ∗〉 = 0,
ε < ε0. Thus, μ(G) isD′-weakly positive definite. Let us show that it is not tempered weakly pos-
itive definite. Let ϕ(t) = e−(t−1)2/2, t ∈ R. Then the Fourier transform of ϕ2 equals θ ∗ θ∗(x) =
Ce−ixe−x2/4, x ∈ R. Testing Gε on θ ∗ θ∗ we obtain that the imaginary part of 〈Gε, θ ∗ θ∗〉 is
equal to
2π∫
π
(t + 2πhε)ρ(t)e−(t+2πhε)2/4 sin t dt, ε < 1,
and one can prove that this is not an element of N0 (using, e.g., the arguments below).
If F were tempered weakly positive, by Parseval’s identity, we would have (with suitable
C > 0)
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∫
R
(
Fε(x) + εa
)(
κ[−1,1] ∗ e−x2/4
)
dx
=
∫
R
Gε(ξ)φˆ(εξ)
sin ξ
ξ
e−ξ2 dξ + εa
∫
R
sin ξ
ξ
e−ξ2 dξ
=
∫
R
ξρ(ξ − 2πhε) sin ξ
ξ
e−ξ2 dξ +
∫
R
ξρ(ξ − 2πhε) sin ξ
ξ
(
φˆ(εξ) − 1)e−ξ2 dξ
+ εa
∫
R
sin ξ
ξ
e−ξ2 dξ
= I + II + III.
Clearly, II =O(ε) and III =O(εa). Consider I .
Since
I =
2π∫
π
ρ(ξ) sin(ξ + 2πhε) exp−(ξ + 2πhε)2 dξ −
( 7π/4∫
5π/4
| sin ξ |2 dξ
)
e−(2π+2πhε)2,
and using the definition of hε it follows that I −C| ln ε|c for some C,c > 0 and that I + II +
III < 0 for sufficiently small ε. Thus F is not tempered weakly positive.
Question. Does there exist G = [(Gε)ε] ∈ Gτ (R) which is tempered weakly positive definite but
F = [(F−1(Gε) ∗ φε)ε] is not tempered weakly positive?
Definition 5.4. It is said that G = [(Gε)ε] ∈ Gτ (Rn) is tempered semi-positive (respectively,
tempered semi-positive definite) if for every a > 0 there exists Ga = [(Gaε )ε] such that Ga is
tempered positive (respectively, tempered positive definite) and G and Ga are a-strongly associ-
ated which means that for every ψ ∈ S(Rn)∫
Rn
(
Gε − Gaε
)
(t)ψ(t) dt =O(εa).
Every tempered semi-positive (respectively, tempered semi-positive definite) generalized
function is tempered weakly positive (respectively, tempered weakly positive definite). The set
of positive (respectively, positive definite) Schwartz tempered distributions embedded into Gτ
is not contained in the set of all positive (respectively, positive definite) tempered generalized
functions. But this set is included in the set of tempered semi-positive (respectively, tempered
semi-positive definite) generalized functions.
Theorem 5.5. Let T be a tempered positive distribution. Then μ(T ) = [(T ∗ φε)ε] is tempered
semi-positive, where the mollifier (φε)ε is as in Section 2.
Proof. Let ψ ∈D, ∫ ψ = 1 and let ψ be positive. For a given a > 0, put
T a = [(T˜ aε )ε]=
[(〈
T ∗ 1
εna
ψ
( ·
εa
)〉) ]
.ε
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〈T˜ aε , ρ〉 =O(εa) for every positive ρ ∈ S(Rn). This implies
〈Tε,ρ〉 −
〈
T˜ aε , ρ
〉= (〈Tε,ρ〉 − 〈T ,ρ〉)+ (〈T ,ρ〉 − 〈T˜ aε , ρ〉)=O(εa)+O(εa).
This proves that μ(T ) and T a satisfy the conditions of Definition 5.4. 
We give a weaker form of a Bochner-type theorem:
Theorem 5.6. Let G = [(Gε)ε] ∈ Gτ (Rn) be tempered semi-positive definite. Then F =
[(F−1(Gε) ∗ φε)ε] is tempered semi-positive, where the mollifier (φε)ε is as in Section 2.
Proof. The assumption on G implies that for every a > 0 there exists Ga = [(Gaε )ε] so that it is a
tempered positive definite generalized function and it is strongly a-associated to G. This implies
that F = [(F−1(Gε) ∗ φε)ε] and [(F−1Gaε)ε ∗ φε] are strongly a-associated, where we know by
Theorem 5.1 that [(F−1Gaε)ε ∗ φε] is tempered positive. Thus, for every a > 0, F is a−strongly
associated to a tempered positive generalized function in Gτ (Rn). This finishes the proof. 
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